Abstract. In this study, mixing of laminar non-Newtonian nano uids in an injection micromixer was numerically studied. The important and new feature of the study is using of non-Newtonian base uid in nano uid. The Titanium dioxide/0.5%wt Carboxymethyl Cellulose aqueous solution was used as nano uid. Mixture model was used for simulation of nano uid ow inside the micromixer. The governing equations were solved by nite volume method using a FORTRAN code. Also, in this paper, a new modi ed successive over-relaxation method has been introduced to considerably decrease the computation time.
Introduction
Miniaturization of uid analysis has been developed in the interdisciplinary research eld of micro uidics during the past two decades. Some of the micro uidic applications are micro arrays, DNA sequencing, sample preparation and analysis, cell separation, and detection and environmental monitoring. The use of micro uidics in these applications attracts interest from both industry and academia because of its advantages, i.e. small amounts of sample, less time consumption, lower cost, and high throughput. Rapid mixing is essential in many micro uidic systems used in biochemistry analysis, drug production, and synthesis of nucleic acids. Biological processes often involve reactions that require rapid and complete mixing of reactants for initiation. Mixing is also necessary in Lab-On-a-Chip (LOC) systems for complex chemical reactions [1] .
Because of the low Reynolds numbers and, consequently, the laminar ow in microchannels, the dominant mixing mechanism is molecular di usion. Therefore, rapid mixing is impossible and e ective mixing needs large channel lengths and long mixing times. Thus, it is necessary to nd some methods to enhance the mixing phenomena.
Among two major kinds of micromixers (active and passive), passive ones attract more interest because of their simplicity and low cost. Some very simple passive methods have been presented in this study.
There are many numerical and experimental studies about mixing of uids using micromixers. Engler et al. [2] investigated mixing of liquids in static micromixers by computational and experimental methods. They concluded that increasing vorticity inside static T-shaped micromixers with rectangular crosssections occurred, even at low Reynolds numbers, and these e ects could be used to improve the mixing index. Galletti et al. [3] numerically studied the e ect of entrance conditions on the engulfment pattern in a T-shaped micromixer. They observed that if the ows at the micromixer con uence were not fully developed, engulfment occurred at larger Reynolds numbers with a di erent ow pattern. In these cases, mixing indices were lower than those in the case where the entrance ows were fully developed. Alam and Kim [4] investigated mixing in a curved micromixer with rectangular grooves; the results showed that grooved micromixers produced better mixing quality than smooth micromixers at Reynolds numbers greater than 10. Afzal and Kim [5] evaluated mixing eciency in a passive split and recombination micromixer with convergent{divergent walls by numerical methods. The proposed micromixer gave signi cantly improved mixing performance compared to a similar geometry based on the concept of unbalanced split and collisions for a wide range of Reynolds numbers. Bhagat et al. [6] studied mixing in a passive planar micromixer with obstructions for mixing at low Reynolds numbers. The design incorporated diamond-shaped obstructions within the micromixer to break-up and recombine the ow. Ansari et al. [7] introduced a novel passive micromixer based on the concept of unbalanced splits and cross-collisions of uid streams. In this paper, the three-dimensional Navier{Stokes equations were solved numerically to analyze the mixing and ow behavior of the micromixer, which was composed of two sub-channels of unequal widths. Soleymani et al. [8] studied liquid mixing in T-type micromixers, numerically. Simulation results indicated that the development of vortices was crucial to achieve good mixing performance.
Wang et al. [9] investigated a rapid magnetic particle-driven micromixer, numerically. In this paper, e ects of magnetic actuation force, switching frequency, and lateral dimension of mixer were investigated. Fu et al. [10] numerically analyzed rapid micromixer via ferro uids; they observed that the external magnetic eld caused the ferro uid to expand signi cantly and uniformly toward miscible water, associated with a great number of extremely ne ngering structures, on the interface in the upstream and downstream regions of the micromixer. Along with the dominant di usion e ects occurring around the circumferential regions of the ne nger structures, the mixing e ciency improves signi cantly. Bhagat and Papautsky [11] studied particle dispersion enhancement in a passive planar micromixer using rectangular obstacles, numerically and experimentally. The performance of the micromixer was benchmarked against a conventional Y-mixer and the modi ed Tesla mixer, which had been shown to work well with uids.
Baheri et al. [12] investigated hydrodynamics and heat transfer of CuO/CMC solution non-Newtonian nano uids in micromixers with ba e. They observed that the main factor of enhancing heat transfer or mixing was the recirculation zones that were created behind the ba es. Hadigol et al. [13] studied electroosmotic micromixing of non-Newtonian uids numerically. The results con rmed that the sheardependent viscosity had a signi cant e ect on the degree of mixing e ciency. It was shown that as the uid behavior index of power-law uid decreased, more homogeneous solution could be achieved at the microchannel outlet.
There is not any numerical study on the mixing of non-Newtonian nano uids using micromixers with twophase models with non-Newtonian base uids. Also, the presented mixing methods based on the division and distributions of nano uids are very simple and low-cost passive methods. Therefore, in the present study, mixing and pressure drop of TiO 2 /CMC solution nano uid in a passive injection micromixer with two injection ows from bottom and top walls have been investigated. Nano uid ow has been modeled with a mixture model using a FORTRAN code.
Geometry
The geometry of the proposed micromixer can be seen in Figure 1 . The two-dimensional micromixer is composed of two parallel plates with two injection ows from bottom and top walls and two zero-thickness ba es. The height and the length of micromixer are H 1 = 100 m and 20H 1 , respectively. The distance of bottom injection ow from channel inlet and the distance between injections have been shown with l 1 and l 2 , respectively. The distance of the lower ba e from channel inlet, the distance between ba es, and heights of top and bottom ba es have been shown with l 3 , l 4 , H 4 , and H 5 , respectively. The angles of top and bottom injection ows with respect to the channel wall have been named 2 and 3 , respectively. Also, the widths of top and bottom entrances have been shown with H 2 and H 3 , respectively.
3. Governing equations and boundary conditions 3.1. Governing equations As we know, the ow is a continuum ow for Knudsen numbers (ratio of mean free path to characteristic length) smaller than 10 3 and it is accurately modeled by the Navier-Stokes equations with classical no-slip boundary conditions. The uid in this study is liquid and for liquid molecules, the mean free path is 0.1-1 nm [14] . Since the smallest size in this study is 100 m, the ow is in continuum regime.
In the present study, it is assumed that the suspended nanoparticles and the base liquid are in local thermal equilibrium and the Brownian di usion and thermophoresis are the only mechanisms by which the nanoparticles develop a signi cant relative velocity with respect to the base liquid. Thus, any particlerelated e ect is not accounted for [15] . Mixture model has been used in order to simulate the nano uid ow. The governing equations are continuity, momentum, energy, and volume fraction, which can be written as follows: 
where ! V nf is the mixture velocity vector; (V nf ) j is the j-component of mixture velocity; is the volume fraction of nanoparticles; nf , p , nf , C p nf , and k nf are mixture density, particle density, e ective apparent viscosity, e ective speci c heat, and e ective thermal conductivity, respectively. The nanoparticle di usion mass ux is sum of the Brownian and thermophoretic di usion terms in the hypothesis of dilute mixture (i.e., low volume fraction). D b and D t are the Brownian and thermophoretic di usion coe cients, respectively.
For the non-Newtonian Ostwald-de Waele uid model, the relationship between apparent viscosity and shear rate is as follows [16] 
where _ = rV + rV T is shear rate tensor, and m and n are two empirical constants dependent on the type of non-Newtonian nano uid. For two-dimensional uid motion in rectangular coordinate system, the term : (6) The Reynolds number of each inlet has been calculated based on the related entrance width, velocity, and base uid properties:
where V i and H i are the mean velocity and entrance width of inlet i, respectively. The subscript i takes the values of 1, 2, or 3 for main ow inlet, top injection ow, or bottom injection ow, respectively. The subscript f in Eq. (7) stands for base uid. In order to evaluate the mixing e ciency, the variance of the mass fraction of nanoparticle within the mixture in a cross section, normal to the ow direction, is de ned as:
where is the variance over the data range, N is the total number of sampling points inside the cross section, x i is the mass fraction at the sampling point i, and x m is the complete mixing mass fraction de ned as:
where subscript i depicts number of each inlet as mentioned above. The number of sampling points N for each cross sectional plane is taken as 1531 to ensure high accuracy [17] . The sampling points are equidistant on the cross sectional line. The mixing e ciency can be calculated as follows:
where DOM is the mixing degree and max is the maximum variance over the data range. Non-dimensional pressure drop can be de ned as:
p is the pressure di erence between channel outlet and inlet and subscript 0 shows the values obtained in reference temperature of 293 K.
Another parameter, which has been used in the present study, is Reynolds number ratio. It is the ratio of injection Reynolds number to the main-ow Reynolds number and is de ned as:
in which n is the number of injection ows. The other parameter is mass ow rate ratio. It is the ratio of total injection mass ow rate (from top plus bottom injection ows) to the main ow one and is de ned as:
In the above equation, n shows the total number of injections. Also, non-dimensional lengths and velocity are de ned as follows: 
Boundary conditions
The uniform velocity, temperature, and volume fraction pro le have been applied for all of the inlets. Also, temperature and volume fraction pro les are uniform. For microchannel outlet, gradients of all variables (except pressure) have been assumed equal to zero. The constant temperature and no-slip boundary conditions have been applied to the walls.
All of the mixing processes are isothermal at 293 K, except in the case of temperature e ect investigation.
Thermophysical properties of nano uid
In this study, TiO 2 -CMC nano uid has been used.
The e ective density and the heat capacitance of nano uid can be calculated according to the following equations [18] :
Hojjat et al. [19] presented experimental relation between the shear stress and shear strain for TiO 2 /CMC nano uid at di erent solid volume fractions and temperatures. Using this data, a two-variable surface was tted to the values of m and n for 0% to 4% solid volume fractions and the temperature range of 288 to 308 K. The variations of m and n by temperature and volume fraction of nanoparticles have been given in Eqs. (18) and (19) . Also, Figure 2 depicts variations of m and n by volume fraction of nanoparticles at T = 293 K. As can be seen, the nano uid has shear thinning behavior. The e ective thermal conductivity of nano uid has been adapted from the work of Hojjat et al. [20] . A two-variable surface has been tted to the corresponding data. Variations of thermal conductivity of the nano uid by temperature and volume fraction of nanoparticles have been shown in Eq. (22) and Figure 3 . 
where:
T sk = T 298:2 8:528 ; 
All physical properties of CMC are assumed to be temperature-dependent. Polynomial curve tting has been performed for CMC physical properties such as density and speci c heat in the temperature interval of 293 K-303 K. 
The Brownian di usion coe cient D b is given by the Einstein-Stokes equation [21] :
where k b = 1:3806488 10 23 is the Boltzmann constant, f is apparent viscosity of base uid, and d p is diameter of nanoparticles and is selected according to [19] and [20] . D t can be calculated using the McNab-Meisen relationship for the thermophoretic velocity of particles dispersed in liquids of [22] , which is written as:
Numerical method
The governing equations have been discretized using nite volume method [23] . Power-law scheme [24] for discretization of momentum and energy convective uxes and QUICK scheme [23] for discretization of volume fraction convective uxes have been used.
The pressure-velocity coupling algorithm was SIMPLE [23] . The set of discretized equations have been solved using line-by-line method [23] . In order to decrease the computational time, a novel SOR (Successive Over Relaxation) method has been used. In this method, over-relaxation factor has been set to 1 at the beginning. After each 30 sweeps, 0:004 n has been added to the over-relaxation factor in each line, in which n is the number of lines. It has been continued until 200th sweeps. Then, 0:1374 n has been added to over-relaxation factor after each 30 sweeps until the 400th sweep. The computational time has decreased by more than 98% in comparison with the ordinary line-by-line method. Note that ordinary SOR method becomes stable only for coarse grids and, even in these cases, computation time is high. The values of increment of over-relaxation factor have been obtained by trial and error to reach an acceptable reduction in computational time.
The scaled residuals have been used as the convergence parameter. The scaled residuals smaller than 10 3 , 10 3 , 10 5 , and 10 3 have been used for continuity, momentum, energy, and volume fraction, respectively, as the convergence criterion.
Results

Grid independency test
In order to check independency of the results from the number of cells, a grid independency test has been done by considering the calculated velocity pro le in fully developed region for CMC solution ow in a 
Code validation
In order to validate the written code, fully developed velocity pro le for the ow of CMC solution without nanoparticles ( = 0) and without injection has been compared with that of the analytical solution. Figure 4 (b) shows the non-dimensional fully developed velocity pro le. It can be seen that the agreement between results is very good.
The e ect of number of injections and mass ow rate ratio
In this section, the e ect of mass ow rate ratio for single and double injections has been investigated. In the single injection, only bottom injection ow and in the double injection, both the top and bottom injection ows exist. In order to compare the single and double injection cases, the total mass ow rate of top and bottom injections is equal to the mass ow rate of single injection. Also, the mass ow rate of top and bottom injectors is equal to that of double injection. The Reynolds number of mainstream is Re H1 = 0:01. Figure 5 shows the e ect of mass ow rate ratio and the distance between injection ows on degree of mixing.
It is clear from Figure 5 that mixing degree increases with increasing the mass ow rate ratio. Also, for the given mass ow rate ratio, the double injection has higher mixing degree than single injection because of the further contact surface of injection ows with mainstream and less mass fraction variance. Also, Figure 5 shows that distance between injectors in double injection does not have signi cant e ect on mixing index. But, it is clear that mixing index decreases by further increment of the distance between injectors due to less di usion path.
The abovementioned mixing behavior can be explained by Figure 6 . In this gure, the nanoparticle volume fraction contours have been presented for two mass ow rate ratios. It is clear that as the distance between injections increases, di usion path becomes larger; but, due to low Brownian di usion coe cient, because of high apparent viscosity, this increment in di usion path does not have signi cant e ect on mixing index.
The e ect of mass ow rate ratio on nondimensional pressure drop can be seen in Figure 7 . This gure shows increase in pressure drop with mass ow rate ratio for both single and double injections.
Also, pressure drop for double injection with l 2 = 0:5 or l 2 = 1:0 is less than that for l 2 = 0; because, in these cases, the resistance of injection ows against mainstream is lower than the case with l 2 = 0. Finally, the sensitivity of pressure drop to the number of injection ows and mass ow rate ratio is less than the one of mixing degree.
The E ect of nanoparticle volume fraction
In this section, the e ect of volume fraction on degree of mixing and pressure drop has been studied. The results have been presented in Table 1 for a di erent mainstream with top and bottom injection volume fractions at constant mainstream and injection Reynolds numbers. In all cases, mean mass fraction of nanoparticles (x m ) has been maintained at a constant value, but mass ow rate ratio can vary case by case. It can be seen that as the nanoparticles are distributed by almost equal volumetric ows from all main inlets and injectors (Test numbers 3, 4, and 7 in Table 1) , mixing degree and pressure drop become higher and lower, respectively, than those in other cases. As the variations of nanoparticles volume fraction become smaller within micromixer, the mass fraction of nanoparticles gets closer to the mean mixing degree; therefore, the DOM improves. The highest DOM is for test number 7, in which volume fraction distribution is smoother than other cases. The apparent viscosity near walls becomes smaller due to less volume fraction in this region and, consequently, shear stress at the wall; therefore, pressure drop decreases. The e ect of equal nanoparticles distribution is more considerable on the degree of mixing than on pressure drop. Volume fraction contours for three di erent cases have been illustrated in Figure 8 . It can be inferred that volume fraction distribution of nanoparticles is more uniform for the test number 7 than for other cases.
The e ect of temperature dependent properties
All results of the previous section were presented in isothermal condition, but the physical properties, such as Brownian di usion coe cient and viscosity of base uid, have been assumed temperature-dependent in this study. Because of the high value of apparent viscosity, thermal di usion coe cient is considerable.
The temperature dependency of thermophysical properties and thermal di usion can a ect the ow patterns and, subsequently, mixing process. In order to compare the results of this section with isothermal results, the mass ow rate ratio has been assumed equal to the isothermal mixing at mr = 3 for all cases. The de nition of cannot be used in this section since the injection Reynolds numbers are variable with temperature because of temperature dependency of thermophysical properties.
The e ect of temperature gradient on mixing index and pressure drop with and without thermal di usion has been presented in Figure 9 . Top and bottom wall temperatures have been named T w2 and T w3 , respectively. Upper wall and injection temperatures have been xed in 293 K, while bottom wall and injection temperatures are varied. Figure 9 depicts that in absence of thermal di usion, temperature dependency of thermophysical properties does not have remarkable e ect on mixing index; but, in the presence of thermal di usion, mixing index decreases by increase in temperature di erence between upper and lower parts of micromixer. The reason can be obtained from Figure 10 , which depicts volume fraction distribution of nanoparticles at exit cross section of micromixer. As can be seen, due to thermal di usion, nanoparticles have accumulation in some parts of the cross section, which leads to higher variance and less DOM. Pressure drop in all cases decreases by increasing temperature gradient because of reduction in apparent viscosity near the lower wall. The reduction in pressure drop is linear for the case without thermal di usion, but nonlinear for the case with thermal di usion.
The e ect of injection angles
In all of the above sections, both injection ow angles ( 2 and 3 ) were 90 . In this section, the e ect of using various injection angles has been investigated. The results have been shown in Figure 11 for degree of mixing and pressure drop. In all cases, mass ow ratio has been maintained at the constant value of mr = 3.
It can be observed in Figure 11 that for all values of 3 , 2 = 30 has the highest degree of mixing. The reason can be obtained from Figure 12 . It shows the streamlines for three di erent angles, colored by volume fraction of nanoparticles. As can be seen, for the special case of 2 = 30 and 3 = 120 (with maximum DOM), mainstream deviates before it reaches the top injection ow. This deviation is due to the pressure reduction near the left-hand-side edge of the top injector. This deviation leads to an increase in convection near the interface between base uid and nano uid and, consequently, DOM improvement.
Also, according to Figure 11 , the e ect of injection angle is not much considerable. In order to show it, since maximum degree of mixing occurs at 3 = 120 for all values of 2 , streamlines colored by volume fraction of nanoparticles have been presented in Figure 13 streamlines and volume fraction contours for various values of 2 . The small increase in DOM with decrease in 2 has been explained above.
Pressure drop varies considerably by variation of injection direction and increases by increase in injection angles, because resistance in the mainstream path becomes higher. For 2 = 3 = 30 , the pressure drop has its minimum value due to the lower shear rate in the interface between base uid and nano uid. It can be concluded that injection angle does not have signi cant e ect on mixing index, but has remarkable e ect on pressure drop.
The e ect of ba es
In this section, e ect of height and distance of ba es for double injection in opposite locations has been investigated. Both ba es are located after injections. E ect of ba e height on mixing index and pressure drop has been presented in Figure 14 . It can be inferred that mixing index and pressure drop increase by increase in ba e height. Improvement of mixing index is due to increase in the length of di usion path and expansion of mass boundary layers after ba es. Pressure drop increment is due to higher resistance of nano uid ow in longer ba e heights.
The e ect of distance between ba es on mixing index and pressure drop is illustrated in Figure 15 . As we know, contraction-expansion and, therefore, creation of recirculation regions is one of the mixing methods in micromixers. The ba es in this study work according to this mechanism. As can be seen, mixing index decreases by increasing the distance between the ba es. The reason is less expansion of mass boundary layers. Minimum DOM occurs at l 4 = 2 ( Figure 15(b) ). It seems that l 4 = 0:5 is a turning point (Figure 15(a) ).
The behavior can be explained using Figure 16 that shows the velocity magnitude and volume fraction distributions variations versus ba es distance. Figure 16(a) shows that DOM is maximum at l 4 = 0. It is because of the very strong contraction zone between top and bottom ba es. High speed zones at the ends of ba es and, therefore, a recirculating zone behind the ba es were created and they increased the mixing degree. By increasing l 4 = 0:5 from 0 to 0.5, the magnitude of high speed and strength of recirculating zones decrease and the DOM decreases in comparison to the case with l 4 = 0; but, since the distance between ba es is small, the ow has a sharp turn from the top of bottom ba e toward the bottom of top ba e (Figure 16(b) ). As l 4 increases, this sharp turning decreases. Therefore, l 4 = 0:5 is the case with maximum variation in velocity and, consequently, maximum variation in mixing degree. This is the reason why l 4 = 0:5 is a turning point. Pressure drop decreases by increase in the distance between ba es because of less shear rate of nano uid ow near ba es; however, this reduction is not signi cant in longer distances.
Finally, ba es have more considerable e ect on mixing index than on pressure drop.
Conclusions
In this study, the laminar mixing of TiO 2 /CMC solution non-Newtonian nano uid in a passive injection micromixer was numerically studied. The mixture model with variable physical properties of the base uid was used for simulation of nano uid ow. A FORTRAN code was written to solve the governing equations by nite volume method. A new method was used for decreasing the computation time. It was observed that double injection produced better mixing and less pressure drop than single injection. Injection orientation has little e ect on mixing index, but can a ect pressure drop considerably. E ect of temperature on mixing index and pressure drop is important. Volume fraction has considerable e ect on mixing index. Use of ba es has signi cant e ect on mixing index and pressure drop and the mixing degree is higher for smaller distances between ba es.
